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ABSTRACT 

We suppose K(w) to be the boundary of the dosed convex hull of a sample 
path of Zt(w), 0 _< t < 1 of Brownian motion in d-dimensions. A combi- 
natorial result of Baxter and Borndorff Neilson on the convex hull of a 
random walk, and a limiting process utilizing results of P. Levy on the conti- 
nuity properties of Zt(w) are used to show that the curvature of K(w) is 
concentrated on a metrically small set. 

Denote  by Z(t, o~) the Brownian mot ion ,  s tar t ing at the origin, in real Euclidean 

d dimensional  space. Let  J(r be the convex hull o f  Z(t, to), 0 < t < 1, and let 

K(to) be the boundary  o f  J(og). 

DEFINITION. Let h(t) be a mono tone  positive cont inuous function with h(0) = 0. 

Let 

hp(E) = g.l.b. ~ h(diam0~) 

where {0i} is a set o f  spheres covering E with diameter  o f  0~ less than p, and the 

greatest lower bound  is taken over such coverings. The h-measure o f  E is defined by 

h*(E) = lim hp(E). 
p ~ 0  

For  a discussion o f  such measures see [2].  

THEOREM. Let h(t) be defined as above and satisfy 

(1) lim h(t) [ log( I / t ) ]  d-1 = 0. 
t~O 

Then, for  almost all r the total curvature of K(og) is concentrated on a set 
T(to) with 

h*(T(r = O. 

This generalizes the result o f  [3].  

Proof.  The p r o o f  rests on  the following result o f  Baxter and Barndorff- 
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Nielson [-1]. Let Xi, i = 1, 2,... be independent, identically distributed d dimen- 
sional vectors with uniform angular distribution. Let So = 0 ,  S~ = ~,k<_~Xk. 
If Hm is the number of d - i faces in the boundary of the convex hull of {So, '" ,  Sin}, 
then the expectation of Hm, 

E{H,.} = Al log m) d - '  

where A x depends on d but not on m. 
Since each face of K m has at least d vertices, the number F .  of vertices must 

satisfy 

(2) E(Fm) <- A 2 (log m)"- 1 

where A2 is independent of m. 
Let J,(co) be the convex hull of {Z(i" 2-" , to) ,  i = 0 ,  1, ..., 2"}, K,(co) 

be the boundary of J,(co) and F,  the number of vertices of J,(co). The vectors 
{Z( i"  2 - " , c o ) - Z ( ( i - 1 ) 2 - " , c o ) } i  = 1,...,2", satisfy the conditions of Baxter 
and Barndorff-Nielson, so 

E{F,}  <= Az(log2") e - t  = Aan d-1. 

where Aa is independent of  n. 
Let v(n) = a ( n ) / h ( 2 . 2 - " / 6 ) n  d- 1. 

By (1) we can choose a(n) so that 

(3) lim a(n) = lira 1/v(n) = O. 
n..-~ oo n ~ o o  

Let {ni} be a subsequence for which 

(4) ~,a(nl) < 0% r,1/v(ni)  < oo. 

Since F,(o~) > 0, Prob{F,(og) > v(n)E(F,(oO)} < 1/v(n). From (4) then, by use 
of the Borel-Cantelli lemma, we have, with probability one 

(5) F,,(o~) < v(n~)E(r,~(og)) < A3v(ni)(ni) d- l 

for all but a finite number of i. 
For linear Brownian motion, Ldvy [4] has shown that, with probability one, 

and uniformly in t, 

lim sup (Z( t  + s) - Z ( t ) ) (2s log  1/s)-1/2 = 1. 
s~O 

It follows from this that for d-dimensional Brownian motion, we have, uniformly 
in t, and with probability one 

lim I Z(t  + s) - z(t) I (2s log 1/s log log l /s) - 1/2 = O. 
s " * 0  

Let J * =  {P[dis t (P ,  Jn(CO)< 2" 2 -""  nlogn}. By Ldvy's result, J(og)cd*( to)  
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or almost all ~o, and for n sufficiently large. So henceforth, we consider only 
such 09 that for large n. 

Henceforth we suppress the co. 
Let #(A) be the surface measure on the unit d dimensional sphere of the normals 

to K (transferred to the origin) at a set A of K, f~n be the total surface measure 
of the sphere. About each vertex V(n, i) of J ,  we construct a solid sphere S(n, i) 
of radius 2 -n/6. Let B, be the points of K(og) not contained in any of the S(n, i). 
We wish to show that: 

LEMMA : #(B,) < A4 f~a-12-"/a nnlogn. 

Proof. Consider the vertex V(n, i). The faces of J ,  at V(n, i) form a cone C(n, i) 
Let the normals to all the supporting planes to V(n,i) of C(n, i) be denoted by 
N(n,i). Let the normals to K in K n S(n, i) be denoted by N* (n,i). Let those 
elements of N(n, i) not included in N*(n, i) be denoted by M(n, i). We wish first 
to show that the "a rea"  #( ) of M(n, i) satisfies 

(6)  #( M(n, i)) < fla- 12 -n/3n log n 

where f~a- ~ is the area of the d - 1 dim. sphere. If Iz(N(n, i)) < f2d- a2 -"/3 n log n 
we are already done so we assume the contrary. Let C*(n,i) = {P] dist(P,C(n,i) 
< 2 .2-" /2  n log n} and let T(n, i) = {P ~ C*(n, i) I dist (P, V(n, i)) = 2 -"/6 }. 
We form the cone 

C'(n, i) = {V(n, i) + tP, 0 < t < oo, e e T(n, i)}. 

Let K(n, i) be the points of K not in C'(n, i). Since 

C'(n, i) = J,, K(n, i)c K n S(n, i). 

Hence, if N§ i) are the normals to K(n, i), and M*(n, i) are those elements of 
N(n,i) not included in N+(n, i), to show 

(7) #(M*(n, i)) < f)a- j2-"/a n log n 

will be sufficient to prove (6). 
Let N~ i) be the normals to the boundary of C'(n, i). Let P'be a point in the 

boundary of C'(n, i) in S(n, i), and l' the line through P and V(n, i). From P'  we 
drop a perpendicular to the boundary of C(n,i) meeting it a tP,  and let the line 
through P and V(n, i) be I. Let z be the plane of I and/ ' .The angle �9 between 1 and l '  
will be approximately 

= 2-"/2n log n/2-n16= 2-n/an log n. 

Hence #(N(n, i) - N~ i)) < fla- ~ " 2-"/3 " n log n. Let z n K = k, and K o l' 
= P*. Let the normals to k and l' at P* be n and n'. (See Fig. (1)) 
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The normal to 1' lies inside that of k, since k must lie inside of C*(n,i) n z .  This 
implies N + ( n , i ) ~ N ~  Together with the previous inequality we have (7). 
Summing now over i we have 

#(B,) < A4 ~a- iF,  2 - . / 3  n log n 

or using the estimate for F ,  we have 

It(B.) < A4 ~d- 12 -'~/3nd log n. 

This completes the proof of  the lemma. 
We define Tk(CO) = U~_k Uj K(co) ~ S(ni,,j), and let #*(A) = It(A)/f~d- 1. 

This measure will be a probability measure, and from the lemma we have seen that 

-n  13_d log ni ~*{c(U+ K(~o) n S,,.j)) -< A .  2 ,,, 

where c A indicates the complement of A. Since the right hand side of this ine- 
quality is a member of a convergent series, we conclude that #*(Tk(OO) = 1, by 
application of the Borel-Cantelli lemma #*(T(co)) = 1. 

Then also for T(~) = n r  TK(Og) 

#*(T(og)) = 

That is, we may take T(og) to be a set where the curvature of K(og) is concentrated. 
Since K(o)  tq S(ni,j) c S(ni,j) , we may take the S(n~,j), i > k to be a covering 

set, We take p~ = 2 �9 2-"i/6. Then we have, using (5) and the definition of the v(n) 

hp~,(T(o)) < ~2 Zeh(diamS(ni,j) ) 

= ~, F,,(o)h(2" 2 -"i/6 ) 

<= A 4 ]E n]- ih(2  �9 2-"t/6)v(nt) 
i>-K 

= A4 )2 a(nt).  
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But, since the {n, i) were chosen so that the last sequence converges, we have 

h*(T(co)) = lira hp,(T(co)) = O. 

The author is indebted to Professor B. Griinbaum for patient discussion of  the 
content of  this paper. 
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